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7. MAOHMATIKH NMPOZOMOIQ2H KAI ANAAYZH
THZ ANQAOMHZ

7.1 Malnuatiki NMpooopoiwon Tng Avwdoung

Ta pun Kovovikd moAvmdpoga Ktipto dNA. aLTE OV TEPOVSLALOVY EKKEVTPOTNTO
petalld kévrpov palog kot KEVIPOL akopyiog, EKONADMVOLV GTPENTIKEG KIVIGELS OTO
olppaypoato AO0y® TG HETAKIVIIONG TOL €3APOVS, aKOH Kol dtav 1 peTaKivnon sivat
OHOWOHOPPN KAT® amd T Pdaon ywpic otpentikéc cuviotwoes. H avaivon tétolwmv
KTplov arortel ekT0C omd PETAKIVIGIOKOVG Kot oTpopkovs Pabuots elevbepiag. Tt
avTd 10 AOY0 Bewpolpe pio TPIGOAGTATN KOTAOKEVT HE TPELS Pabduovg elevbepiag oe
KOs Opogo, (S1d@payua), Yy TNV IKOVOTOMTIKY] TPOGOUOI®MON NG EANCTIKNG

KOTOGKELY|G.

2to mpdypappa 3D-BASIS mopéyovior Vo  dvvatdtnteg mPooopoimong g
AVOOOUNG. TNV TPMOTN €MA0YN 1 avwdoun Bempeitor ®g va TPLodAcTATO SOTUNTIKO
KTipto, 6oL T KotaKOpvea otoyeion Bewpodvion apeimokto 1 pe GAAa Adyw M
dvokapyio Twv doKaV Bewpeitar TOAD HEYAAN Kol GTNV OEVTEPN G £VOL TPOYLATIKA
TPIGOAGTATO QOPEN e TAOIGIOKN Agttovpyia TV oploviiov kol KATaKopOHE®V
OTOlElOV GTO Y®OPO. TNV TEPIMTOON TOV OOTUNTIKOV KTNPiov, AOY® TG UEYAANS
aKOUYiog TOV 00KOV KOl TOV OUEANTE®V  OEOVIKOV  TOPAUOPPAOCEDYV  TMOV
VTOGTUVA®UAT®Y, T Ol@pdyuato  petakwvovvior  opldévtio, ot  Og  GTOLAOL
GUUTEPLPEPOVTOL (O OUPITOKTOL UE OMOTEAEGLO TNV OLVATOTNTA AVOAVONG EEXOPLOTA
KdOBe opOPOV. LTNV CUVEYELD TEPLYPAPETOL TO UNTPDO OKOUYING TNG VMOIOUNGS, YL TNV

TPAOTN BedpMo” TS AVOIOUNG MG SLOTUNTIKO KTip1O.

Oewpovpe por N-0poen €E00VIKELUEVT OVMOOOUT), 1 OTTOl0 OMOTEAEITOL OO TAGKES

drmepng atévelong oto eminedd tovg omnpldpeves o€ afovikd  amopopOpeOTL
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VTOGTUAMUATO Kol TOly®poto, N pdlo towv omoimv Bempeitol CLYKEVIPOUEVN OTIC
oTd0OuES TV 0pOPMV. Oempoipe Ot Ta KEVTPOA HAlag OA®V TV 0pdP®V Kot NG Bdomng
Bpiokovtor emi Tov 1010V KaTAKOPLEOL AEova, Kol OTL 01 KOplot AEoveS avTioTaoNS
(axapyiog) OA®V T@V 0pOP®V £XOLV TOV 1010 TPOCAVATOAICO, EVH dgv Ppickovtat ko'

avéykn eni Tov 1010V KataKdpveov aEova.

Ot exkevipOTNTEG, €y KOl ey , PeToE) KEVIpOV pAlog Kot KEVIP®V aviictaong

opifovtar og e&ng:

1
€y :LZXilkiy Kot eyl :K_ZYilkix
K,

xl i

onov, K , = Zkix ko K, = Zkiy ,
i i

o ki Kou ki OVTITPOCMOTEVOLV TIC UETOKIVNOLOKEG akapyies TV otoryeimv

(vmooTvAopdTEv N ToYoUdtov) KAbe opdeov [ , ®C TPOG TOVG KLPLOVS AEOVECS

avtiotaong X kot Y avtiotoiywc. Ta Xj; kou Y mpocdiopilovv v Béon kdbe ototyeiov

i ue onueio avaeopds 1o kévipo paloc kébe opdpov. H otpemtikny axapyio kdbe

0poeov [, g TPog To kEVTPO pdlag Tov, divetal amd TV oyEon:
K, = Zkiinlz + Zkinj

omov ta Xj; ko Yy mpocdiopilovv v Béom kb otoryeiov i pe onueio avagopdg to

Kkévipo palog kabe opdpov.

On6TE TO UNTPOO AKOUYING TNG KATACKEVNC TAipVEL TNV €ENG TPIGOOLYDOVIO, LOPOT:

kxn 0 - kxn eyn - kxn 0 kxn eyn

0 kyn k n exn 0 - kyn - k n exn
- kxn e n k n e.w ktn kxn e wn - k wn exn - ktn
kxn + kxn -1 0 - k)m e_wz - kxn -1 € yn—1
SYM 0 kyn +kyrr—l kyrre)m +kyrr—lexn—l
- kxn eyn - kxn ~1 eyn -1 kyn exn + kyn ~-1 exn -1 km + km -1
0 SYM
0 0
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(ovveyileton)
0 0
SYM 0
kx3 + ka 0 - kx3ey3 _kXZeyZ
0 ks +ky ke +ke, SYM
—kae,—kge, kgestkye, ks +k,y
ka + kxl 0 - kaeyZ - kxleyl
0 0 kyy +ky ke, +kye,
_kxze_vZ _kxle_vl k_vZe)cZ +k_vlexl k, +k,

7.2 Auvapiki AvaAuon Tng Karaokeung

[Ma v dwtimwon tov e§lo®oewv Kivnong Tov ToAL®POP®V KTipiwv, vrd TV
opdon dvvapkdv eoptiwv, yivetoanr ypnon g opyng D' Alembert, coppova pe v
omola éva ocvotnuo Ppioketor ce SUVOIKT 1GOPPOTIO. VIO TNV EMEVEPYELL TMOV
eEMTEPIKMV SVVALEDV TOL POLV GE OVTO KoL TV AOPUVEINK®Y dVVAUEDV TOV GE KAOE
ypovikn otrypn. Ot adpavelokés duvapelg dpovv avtifeta omd v emttdyvvon kot eivot
avéloyeg g nalag Kol TG emTayvvons eved epapudloviar 6to k€vipo Papovg g

péloc mov avapépovral. AnAaon:
]71 = —-ma

[ Vv avaivon Tov ToAV®POP®V KTIPIOV YIVETOL 1| TAPAOOYN TNG CLYKEVIPOONG TNG
péloc TG kaTOoKELVNG OTIG otdlueg TV opopwv. Me Pdomn Vv mapodoym
OLYKEVTPOUEVOV  HaldV, Ol aOPOVEINKES OVLVAUELS, OTIG OTAOUES TV 0pOQ®V,
avéyovtol 6to KEVTPO Papovg kabe 0pdPov MG SLVAUELS adpdvelag Katd TV devBuvon
TOV UETAPOPIK®OV P.&. 6T0 KEVIPO Pdapovg KaBe opOPOL KOl TNG OOPOVEINKNG POTNG
KATé TNV KOTOKOPLET OTPOPIKN emtdyvvon kébe dwppdypatos. H adpaveiaxn pomn
elvat avaAoyn g oTPOPIKNG OOPAVELLG TOL JALPPAYLLOTOS KOl EPUPUOLETAL GTO KEVTPO
Bapovg tov. Ex10c TV 0adpavelok®V OLVAUEDV OTNV TOALMOPOPY KAUTOCKELY|

Bempovvtar dtL Opovv Kal dSVVAUELS amdcPeong TG Kivnong avaAoyeg TG ToyOTNTOG.
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Me PBdon 10 mopamdveo M Olvucpatik)  €Elomon  QLVOIKNG 1COPPOTIOS TV

YEVIKELUEV®V OLVAUEMV (OLVAIEMY KOl pOTTMOV) ivat:

{ 1}"'{ D}+{ s}"‘{f(t)}:()

OTOL { ,} glvol o1 adPavVeELOKEG SVVAELS, { D} elval ot dvvapuelg amodcPeong, { S}

elvarl o1 EMOOTIKEG SVVAELS, Kot { f (t)} elval o1 eEmTePkEG dSLVOIKES OPAOELS.

H napamdve e&icwon ekppdletal cUVOPTIGEL TOV PHETAKIVIICEDV TOV OLOPPAYUATOV

HEGO TV GYEGEMV:

{fl}:_[M]{U}
{l=-lcliuf
fy=-1}

omov [M], [C] ko [K] eivar ta untpdo pnalag, andoPeong Kol aKopyiog Mg Tpog

ToVG B.€. TOV O1PpaYUATOV.

INa va mpaypatomomBel n dOpoion TV SlavuGpATOV TOV TOPOUTAVEO SLVAUE®YV,
avtég mpémel va. epapuolovtal oto 10 onueio. Ot adpavelaKkeés OLVAUES Kol Ol
duvdpelg amdcPeong opiotnkov 610 KEVTIPO Pépovg KABe 0pOPOL, EVED Ol EANCTIKES
duvdpelg avayovtor ota onpeion O; 6mov o SaEpaypato TERVoLy Tov d&ova Z Tov
KaBoAkod cvoTHaTog. AOY® OUMC TNG TAPUOOYNS TWV GLYKEVIPOUEVOV Hal®V, TO
unTp®o pdlog ota KEVIPO BAPOVE TOV SOPPOYUATOV £Vl dOyOVIO UNTPMO, 1010TNTO
n omnoia dev dwtnpeiton av avaydel ota onpeia O; . o v amkodoTevon Aowdv g
eMiAvoNG TOV TPOPANUOTOS TOV OIOTIUAV ETAEYETOL 1] OVAY®OY TOV EAUCTIKOV
dvvapewv ot KEVTpA Papovg twv opopmv. ‘Exovtoc exepdost OAeg T duvAELS oTO
0w onpeia, N G0poton Tovg TaPEXEL TNV UNTP®IKY Elc®ON TNG OLVOLUKNG 1GOPPOTING

NG OVOOOUNG:
]+ [elot+ Ko = {r0) (7.1)

omov [K] to untpmo axapyiog, OTme avtd dwtvnminke mpornyovuévag, omov [M]

siva:
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xXn

yn

Il

To dwydvio untpdo pdlog e avowdounsg, mov TepAapPavel adpavelakoHs OPOVS
KOTA TN 01E0BVVeN TOV PETAPOPIKAOV P.£. KOO KOl TNV KATAKOPLON TEPIGTPOPY| TWV

SLLPPOYLAT®V.
Kot 6mov [C] givan to untpmo amdsPeong, to onoio Bewpeitar o1t drywvomoteiton

Ao TO UNTP®O TV WIOHopPaV [D] Tl doTte:

20,¢

n n

2a)n—lé/n—l

2a)2§2

2a)lé,l

OTOL (; 0 GLVTEAECTNG ATOGPEONG TNG LOOUOPPNG .

Otav 1 TOALVOPOPN KATOGKELT VIOKELTAL GE GEICUIKT O1€yepomn ot Bdaon g, TOTE TO
KaBOAKO cVOTNUA avaPOPAS TNG KATOCKEVTG KOl KOTE GUVETELD Kol TO KEVTIPOPUPLKO
GUGTNUO OTOTEAOVV KIVOUpEVO cuathpata. [ v avayoyn g kivnong oe otabepod
GUOTNHO OVOPOPAS, LE TNV TPpodmoheon OTL N €d0PIKY| Kivnon eivol HETAPOPIKT KATA
otabepn d1evBvvVoN, Bewpove TV GYETIKN Kivnon TS avmdoung o¢ mTpog TV Paon kot
emPaAlovpe TIG OLVAUELS OOPAVELNG TOL HETAPOPIKE KIVOOLUEVOL GUGTHUOTOS GTO.
kévipa Papovg tov paldv tev opdewv. Ondte oty eicwon (7.1), €govpe Yo 10

o)}
{e)=~[MI[RTGi, (o) +4i, (1)
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RVL
1 0 -7,
omov R = R « | pe Ri* =0 1 X, | émov X, glval | amdcTOCT TOV
" 00 1
R,

KEVTPOL HAalag tov i 0pdeov amd To KEVTpo pdlog g Paong katd v X devbovvon,
Kot ¥; 1 omdoTaon tov KEVTIPOL HAlag Tov i opoeov amd to kévipo palog g Pdong

Katd Vv Y oevfvvon.

‘Etolr n €&lowon (7.1), ywoo o N-0po@1 KATOGKELT, TOV VROKEITOL GE GEIGHIKN

O€yepon ot Paon g, yiverat:

(M), 10} +1CL 0 + (K)o U == [M), [R] i, )40, 00, (72)

omov U eivar 1 oyetikh emtdyvvon kdbe opdpov m¢ mpog v Paon, U eivor n
GYETIKN TOYVLTNTO MG PG TV Paon, U eivor n oyetikn petaxkivnon g mpog v Paon,
Ui, M OYETKN MG TPOG TO £30UPOG EmTAYLVON NG PAomg, Ko i, M EMTAXLVOT TOV

€00(pOVG.

O1 10106VYVOTNTEG Kol O1 OVTIGTOLYES WOOUOPPES TNG OVMOOUNG, TPOKVTTOVY atd TNV
eMIALON TOV EAEVBEPOV TOAAVTIDGEDY TOV GLUGTHLOTOS XOPIG ATOCPEST. ZOUPOVOL LLE
™ péBodo TV WI0HoPPAYV, glval duvatéV Vo VTOAOYIGTOOV HOVO Ol k TPOTES
10106VYVOTNTEG Ko Ol ovtiotoryes wiopopeéc. H dvvapukn avaivon, pe PBdon v
TOPad0Y] CLYKEVTIPOUEVOV Haldv Kal T HEB000 TV 1O10HOPPDV, YPTCLLOTOIDVTOG
Myec mpdTEG WOO0HOPEES diveEl GLYKAIVOVTO OTOTEAEGUOTO Y10 TIG UETUKIVIGELS TMOV
SLEPAYUATOV KOl TO EVTOTIKG LEYEON TV EMUEPOVG oTOYEIMV. AKOAOLODVTOG AoTOV

™ 1éEB0OO TV WI0HOPP®V EYovUE Ta EENG:
O¢tovtag oty e&lowon (7.2), 6mov {U } = [(I)] {u*} KOl TOALOTA0GLALOVTOG TNV UE
@' &yovpe:

*

o™ ], i7, +|0Tco)], i, + @ KD, ul, = -[0"™R], {i, +ii, ), (73)
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ta. untpoa [C] ko [K] daywvorotobvtol omd To UNTP®O TOV WO10H0PP®Y Kot £TC1
KOTOANYOUUE oTNV EElomon):

* *

[I]nxn iinxl + [2é,ia)i]nxn Z"lnxl + I:a)i2 ]nxn u:xl = _[CD TMR]HX3 {ug + iih }3x1 (74)

OOV {; 0 GLVTEAECTNG amOGPEoNS TG § WOIOHOPPNG, KOl m; M 10106VYVOTNTO. TNG §
1010LOPOPTIC.
o mv Bdon, n e&lowon g kivnong g ®g TPog Tov KATaKOPLEO AEova Tov

dépyeTan amd To k€vipo palag g Pdong, £xel og e&ng:

[Mv ]3xn {{“} + [R]{"’Zb T izg }}m T [Mb ]3x3 {ﬁb + ﬁg }3x1 T [Cb ]3x3 {’;’b }3xl + [Kb ]3x3 {”b }3x1 + { N }3xl =0 (7.5)

m, 0 0 m, 0 0
omoo M = 0 m, O 0 m, O =R'M
0 0 I, 0 0 I
m, 0 0
omoo M, =| 0 m,, 0 | koomov Cp koK, givon to untpmo amdoPeong g
0 0 I,

Bdong Kot To pNTPDO aKOUYing TOV EAACTIK®V oTotyelwV TG Bdong aviioTtoiywg.

[Ma 1o dtdvocpa {fy}3x1 Exovpe:
fN = {nyst +fFr}

Onov, fryg €lvor n SOVaUN ETAVAPOPES TOV VOTEPNTIKOV GTOYXEIDV, KOl fr- elval M
SOVOUTN ETOVOPOPAS TWV CTOLXEIMV UE CLUTEPLPOPA TPIPTC.
['paoovtac v e&iocwon (7.5) pe v €€NG Lopen:
RN Jfi (R IR, + b v, G, ., 0, o K, Y+ L =0 7.6

Ko 0€tovtag 6mov {u = [@ ]{u ' } naipvoope telkd v e&icmon:

[RI'M],., [@]f" }+ [R"MR + M, J{i, +ii, }+[C, 1, }+ [K, Ju, )+ {f}=0  (7.7)

nxn

Yvvovalovrog Tig e€lomoels (7.4) ko (7.7), maipvoovpe v e&icwon g kivinong ywo

™V avodoun kat v Bdon pali, og e€ng:
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( [1] [0™™MR| ]J {u} +([Z§[a)i] 0 ] {u} .
[RTM(D] [RTMR—l—M[’ (n+3)x(n+3) l:ib (n+3)x1 0 [Cb] (n+3)x(n+3) l/zb (n+3)x1

=— . .
0 [Kb] (n+3)x(n+3) Uy (n+3)x1 fN (n+3)x1 R'MR + Mb (n+3)x3

Aniadn etvar:

*-.c *.C *c _
M i +C u; +K u; + f, = p,
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