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4. MHXANIKEZ IAIOTHTEZ EAAZTOMETAAAIKQN
EQEAPANQN ZE KATAKOPY®H OAIYH KAI
KAMWH

4.1 Tlevika

To o@uowkd ehaoTikd KAT® oamd @OpTIoN  gpeavilel évtova  UN-YPOUUIKT
ovumeplpopd. Av kal £yxer avamtvuyfel podnuoatikny Bewpio n omoia meprypdopel v
CLUUTEPLPOPE  EEOOVIKEVUEVOV  EAUCTIKMV  OTIS UEYOAES TOPUUOPPDOCELS,  TO
AmOTELECUATO TG EIVOL TOAVTAOKA YOPIC TPOKTIKN EQAPLOYY| Y10 TOV GXEOOGHUO. XTIC
TEPIGGOTEPES MEPUTTAGEIS OGS OTO EAOGTOUETAAAIKA €QEOPOVO, £XOVV TOAD KOAN
EQUPUOYY| OTAEG TTPOCEYYIOTIKEG OYECELG e Paom TV Bewpio YPOLIKNG EAACTIKOTNTOG.
H enéxraom g ypappikng Bewpiog otic pHeydAeg TopapopPOCELS E1GAYEL GOAAUA TNG

T6ENG Tov £15% o011 VIOAOYIGUEVES duoKapYieg TO ool Eival avVEKTO.

O oaxkdéiovBoc Ilivaxog 4-1 mapovotdlel TG TEWPOUOTIKO UETPNUEVEG UNYAVIKES
W010TNTEG JOKIWMV  PUOIKOV EANCTIKOD ouvopTnosl ¢ okAnpdmtag oe IRHD
(International Rubber Hardness Degrees). H évdei&n g oxAnpottog petpet v
AVOOTPEYIUN  EAOCTIKY] TOPOUOPO®OT, 1 OMOolo TOPAYETOL OO TNV EGYMOPNON
OVTIKEUEVOD E01KOD OYNUOTOS KOl KOTO CUVEMEW CLOYETICETAL PE TIG EAUCTIKEG
otabepéc tov elaotikov. To pétpo d0yKkmong K tov uoikod EANGTIKOD &lval TOAD
HEYOADTEPO amd TO PETPO €haoTIKOTNTAG Ejy €101 Y100 TPOKTIKOVS GKOTOUS O AOYOG
Poisson v umopei va Bswpeitor icog pe Y2 kol 10 pUOIKO EAACTIKO OGVUTIEGTO OKOLOL
Kol K4t and vynid eoptio. To yeyovog 6t Ep>3G dnAdvel 0Tl TO QLUGIKO EAAGTIKO

dev glval 100TPOTO LAIKO.
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ivaxag 4-1 Zxkinpotntoe ko EAactikég Xtabdepéc Pvowkod ELacTtikod

ZKANpPOTNTA MéTPO MéTpO MéTpO
IRHD + 2 EAaoTikOTNTAG | AlaTUACEWS k* AIOYKWOEWS
E, (MPa) G (MPa) K (MPa)
30 0.92 0.30 0.93 2000
35 1.18 0.37 0.89 2000
40 1.50 0.45 0.85 2000
45 1.80 0.54 0.80 2000
50 2.20 0.64 0.73 2060
55 3.25 0.81 0.64 2180
60 4.45 1.06 0.57 2300
65 5.85 1.37 0.54 2420
70 7.35 1.73 0.53 2540
75 9.40 2.22 0.52 2660

* O d10pBWTIKOG TTapdyovTag k XpNOIMOTIOIEITAI YIA TOV UTTOAOYICHO
XOPOKTNPIOTIKWY TG CUPTTEPIPOPAS UTTO BAIWN

Ta elooTopetoAMKd  €QEIPOVA  GEIGIIKNG HOVOONS  KoTaokevdloviar  amd
EVOALOGOOUEVEG OPILOVTIEG OTPADCELG PUOIKOD EAOCTIKOD KOl UETOAAIK®OV TAOK®DV Ol
OTOlEC GLVEVAOVETAL WHE TO EAOCTIKO KOTA TNV OdKocio Tov BOVAKOVIGHOV Kot
epeavifovv e€apetikn avioyn o€ amokOAANnoT. H mapepforr] 1oV HETOAMKOV TAAKOV
€xel ¢ okomd TV avénomn g dvokapyiog G€ KATAKOPLEN CLUTIESN HEC® NG
TOPEUTOOIONG TNG TAEVPIKNG SOYKMONG TOL EAACTIKOD GTO VYN TV TAAKOV. [ Tov
010 AOY0 av&dbvel kol 1 KoumTikn Svokapyio tov gpedpdvov . H dvokapyio oe
opllovtia ddTunon mpaKTiKd dev emmpedletal amd TNV E00YOYN TOV HETOAAIKOV
TAOKOV Kot Topapével Guvilwmg dVo taéelg peyéboug pikpotepn and v dvokapyio 6
KOTOKOPLON GUTiEST.

2t0 okOhiovBo Zyfua 4-1 ¢aivetar M ovoumeppopd €vOG EMAGTOUETAAAIKOV

eQedphvov o€ dldtunon, Kotakopven ovumieon Kot kauyn. Ot dvo terevtaieg

TEPMTOGELS Oo €EETAGTOVV AVAAVTIKA GTIG EMOUEVES TTAPAYPAPOVG.
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Zypo 4-1 Zopreproopd Eraotopetairikod E@edpdavov og ArdTunon, Zopmicon ko Kapyn

4.2 Zuptrepipopd EAacTopeETAAAIKWV Epedpavwyv ot

Karaképu@n Zuptrieon kai Kauyn

Katd v ovumieon kot v KOUYN TOV  EAACTOUETOAAIKOV  EQPEOPAVEOV
TaPoLGLALeTal TAEVPIKT JOYK®OT TOV CTPAOGE®V TOV EANGTIKOV. To Qotvopevo avtd
€l00yEL €VTOVEG UM YPOUUKOTNTEG TOL KAOIGTOOV TOAVTAOKN TNV TEPLYPOPN TNG
avtiotoyng couneplpopds. Ilapd v dvoKoAiia 6TV €KTIUNGT TOVS Ol WIOTNTEC TOV
EPEOPAVOL GE GLUTIEST KOl KA €ivor 1010iTtepa OMNUOVTIKES Yol TOV GYEOAGUO TOV
GLGTNUATOG GEWGUIKNG Hovoons. 'Etor 1 katakdpuen dvokopyios TOL GLGTHAUOTOS
CEICIIKNG HOVOONG EAEYYEL TNV KATOKOPLEN 1310mePiodo M omoio. TPEmeL vo. glvarn
OPKETA MO OVOKOUTTN amd TV oplovtia Wonepiodo. EmmAéov amd v Koumtikn
dvokapyio ToV ePedpdvev ££0PTATAL TO KPIGILO QOPTIO AVYIGHOL TOV £Pedpavev. O
oLVTEAEDTNG ao@oAeiog €vavtl AVYGHOD TV £pedpdvav sivar évag onuavtikog

TEPLOPIGHOG TOV GYEOIAGIOV TOV GLGTILOTOS GEIGUIKNG LOVMOONG.

H ocvumeprpopd tov epedpdvov oe cvumicon Kot kKapym e&optatal Evrovo omd Tov
GUVTEAECTH OYNUOTOG TOV OTPOGE®MY. O GLVTEAECTNG OYNUOTOS TWV CTPMOCEMY TOV
eraotikoD S opiletor mg 0 AOY0G TG QOPTILOHEVNG EMPAVELNS TNG GTPOCNG GE KATOWYT
Ajpaded TPOG TNV TapaTAELPN €AEVOEPN QOPTICEMS EMPAVEID Afee OTOG POIVETAL GTO

axoiovBo oynuo.
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000 av&avel 0 CLVTELEGTIG GYNLOTOG TOV GTPMCEWMY TOV EPEIPAVOL TOGO AVEAVEL 1
KOTOKOPLEN Kot Kaumtikn ovokopyio. Ontmog Bo eavel oty cuvéyxela n avénomn oTic
Tapomdve ovokapyieg eivor mepimov ovédAoyn TOL TETPAYOVOL TOV GULVTEAEGTN|
oynuatog. Ot  emdupeveg 600  TAPAYPOPOL  TEPLYPAPOLY  TIC  WOOTNTES  TOV
ELUGTOUETOAAIKAOV EQEIPAVOV GE GUUTIESN KOl KAUYTN GOUQOVO HE TNV YPOULKN
elaotikr] Oewpio. Ot oxécelg aVTEC avaPEPOVTAL GE EAACTOUETOAAKE epEdpava. [ Ta
ehaotopetodkd epédpava pe mopnva poAvPoov (LRB) dev éyxouvv mapaybel
avtiotoryeg oxéoels. H ouvnOng mpoaktikn yio Tov mIpocsolopicud TV 1010THTOV TOV
epedpvov LRB eivar 1 epappoyn t@v mponyovUeEvOV GYEGE®V Yo €vo TANPESG
EMUGTOUETAAAIKO €QEdpOVO e TNV 1010 EEMTEPIKT SAUETPO (ONAOON LLE ETEKTOOT TOV
EMIOTOUETOAMKOD HEPOVG KOl GTOV TUPNVO. LOAVPOOV). H cOykpion g cuumeptpopds
0€ CLUTIEON TETPAYOVIK®OV £pedpdvav 1 omoia mapovotdletor and tovg Mori et al
Oglyvel pikpn amdklon ywoo €pédpava pe N yopig mupnva poAdBdov kdTL TOL

Voot PileEl TV TPONYOVUEVN TPOKTIKY].

4.3 Zuutrepigpopd o Kataképuen ZupuTtrieon

H ocvuneprpopd £vog eAAGTOUETAAMKOD EPEOPAVOL GE KOTAKOPLOT GLUTIEST KT
NV apyKy @aoT TS eOpTIoNg elvar Wiaitepa un ypappukn Kot e&aptdtot amd moAhovg
dguTePeHoOVTEG TTOPAYOVTEG OV OEV UTOPOVV va TTPoPAe®ToLV ovolvtikd. H telkm
GUUTEPIPOPE  TOL  €PEIPAVOL  EKTIUATOL OVOALTIKA omd TNV  emOpevn oyéon

KOTOKOPLONG SVOKOUYING, KOT  0vOAOYio e TV KOTAKOPLET SLGKAUYiN 00KOV.

K, =< (4-2)

Omov A, 1 datopr] TOV EAAGTIKOD 1 OTolnl Elval GUYKOAANUEVN OTIC HETOAMKES TAAKEG
gvioyvong, ¢ T0 GLVOMKO TAYOC TOV GTPOGEMV TOV EANCTIKOV Kal E. givol 10 pETPO
GUUTIECTOTNTOS TMOV OTIPMOCE®V EAACTIKOV. YTAPYOLV JAPOpPeES AVGES Yo TOV
VTOAOYIOUO TOV HETPOL GLUTIESTOTNTOS K., 01 TEPIGGATEPEG TOV OTOIMV TOPAIEYOVTUL
YPOUUIK®DG EAOCTIKT] CULUTEPLPOPE KOl HIKPEG TOAPAUOPPMOOELS. LTV cLvéxew Oa

TOPOVCIUCTOVY TO OMOTEAECUOTO TV OVO O GLYVE XPNOLOTOI0VUEVOV BempricemV.
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H 1" Oeodpnon oeeidetor otovg Gent ko Lindley kou éyer viobetmOel amd v
Bpetavikny odnyia BE 1/76. H enilvon tovg avoa@épeton o€ KUKAIKA €QEdpOvOL Kot
EPEOPAVOL OTEIPOUTKOVG AmPIdag Kot Yo Tapadoyn AGVUTIEGTOV VAKOV (V="2). [ tnv
TEPIMTOON EPESPAVOL ATEPOUNKOVS AWPIdAG 1 AVOT TPOKVTTEL HECH TNG SLOOIKAGTIOG
n omoia meprypdpel To Zynua 4-3. To katakdpveo @optio P empepileton oe dvo pépn.
To P etvan to @optio mov amatteiton yo tnv PHO1OM TG OTPOOMG KATA O E TIC KPS
eMpAaveleg Tov epedpdvov telelwg Aeleg, To Po gival to @optio mov amotteiton yio va
KpatnOel To pédpavo og avth TV BEom evd TAVTOHYPOVO OIGKOVVTOL SLOTUNTIKES TACELS
0l OTOleg EMAVAPEPOVY TIG AKPOIEG EMPAVEIEG 0TV c®OoTN BEom. Le avt) v Gdaon

yivetal 1 mopadoy 0Tl aPYIKOG KOTAKOPLEA EMITEON TOIPVOLV TOPABOAKT LOPOT

p Ir, L.

D D

o e e RIS GRS

DD D

— — +—k S S
w ew/2 eWw/2 ew/2 ew/2

Zyqpo 4-3 Awedikaocia g Aveng Tov Gent kot Lindley

To amotélecpa yio Tapadoyn ACLUTIEGTOV VAIKOV EIVOL Y10 GTPMOGCELS OTELPOUKOVES

Awpidog E.” = %EO (1 + SZ) KoL ylo. KukMkég otpooelg . = E, (1 +28? )

H mponyoduevn oyéom tpomomotleiton Yoo KOADTEPT TPOGOPLOYN| GE TEIPULUATIKA

dedopéva g e&ng :
E.” = E,(1+2kS?) (4-3)

omov k givor d10pBwTIKOG TOPAYOVTAG O 0TOI0G TPOKVMTEL GO TEIPAUATIKA OEOOUEVAL
kot tov dtvel o Ilivaxog 4-1 ko Ey givor 10 pétpo elootikdOTTOS TOV €haotikov. H
EMIOPOCT TNG CLUMIEGTOTNTAS TOV EANCTIKOD HEIDOVEL TO UETPO GLUMIEGTOTNTOS TOL
vAukoy omd E.° oe E.. H emidpoon ovtqy Aappdvetor vmoyn amd v axdrovdn

EUMELPIKY) GYEO :

“Lyedopog Zewopkng Movoong Ktipiov kot 'epupdv” B. Kovpovong



KED®AAAIO 4: Kataxopoen Oriyn kot Kapyn Eractopetorhikov Egedpdvov 60

—= +— (4-4)

omov K elvat 1o pétpo d1dykmwong Tov EAAGTIKOV.

H 2" Bedpnon mapovoidotnke omd tov Conversy kot enektadnke omd toug Chaloub
kot Kelly. Ta cvunepdopata avtig g edpnong mtopovoidlovror and tov Kelly. H
Bempnon Paciletor otV ypapuikn eAactikn Oewpio pe TIc Tapadoyés 0Tl onueia o€
KataKOpuees evbeieg Ppickovral o€ Tapafoin HETA TV TaPAUOPE®OT Kol 0Tl € KAOE
onpeio tov dykov ot opbég thoelg Exovv v B TN o=0,=0.=p(x,y). EmmAiéov n
GLUMESTOTNTO. TOL €AOOTIKOV umopel va Anefel vmoéyn katd v emihvon. Ot
ocuvoplokéG ovvOnKkes elval OTL Ol Aved KOl KAT® EMIPAVEIEG TNG OTPMONG &ivor

GLYKOAAMUEVEG GE AKAUTTEG TAUKEG.

2tov akdAovBo mivako @oivovtol To omoTEAEGUOTO OVTHG TG Bedpnong yw 1o

LETPO cvumiesTOTNTOG £.7° TG 6TPOONG EMAOTIKOD e TapadoYr GOVUTIESTOV VAIKOD

Mivaxag 4-3 Métpo Lopmeototnres XTpodons Acvuniestov ELaotikov

Amelpounkng Kvkhikn  otpdon Tetpaywvikn
Aopida TAdTOVG b dwpérpoy @ oTPAOGN TAEVPAS O
E’ =4GS? E” =6GS? E” =6.73GS’

H enidpaon g cupmestdTTog TOL ELUGTIKOD HELOVEL TO HETPO GLUTIEGTOTNTOG
mg otpoone ond E.° oe E. H enidpacn ovtq sivar woyvpdtepn 6co av&hvel o
GUVTEAESTNG OYNUOTOG TNG otpwone. Edav Anebel vmoéyn m ovupmeotdétto tov
EMIOTIKOD TOTE TPOKVTTOVV TOAVTAOKES EKQPACELS Y10 TO LETPO GUUMIECTOTNTOG VIO
popen oelpdc M vrd popen ocvvaptoewv Bessel. Xty Piprloypaeio  divovton
TPOGEYYIOTIKEG EKQPPAGELS Ol 0Toleg amoTeAoVVTOL amd TOVg dVO TPDOTOVS GPOVLS TOL
OVOTTUYHOTOG TOV TOADTAOK®OV EKQPPAGEMY Y10 WKPOVG CUVIEAESTEG OYNUOTOC KO

otvovtal 6Tov akoAovbo mivako.
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Mivaxag 4-4 Métpo Zopmeototnros XTpoons Xopmectov Elactikov (MéTpo Adykmong K)

Amepounkng Awpida mAdtovg 2b Kvkhikn otpmon dwapétpov P
E =E~ 1—6E” E =E~ 1—4EC
5K 3K

omov K givarl 1o HETPO S1OYKMOMG TOV EAAGTIKOV pe Tumikn T to. 2000MPa. O tpmdTtog
OPOG TOL AVOTTUYHATOG OVTIGTOLXEL 6TV Avom Yo acvumiecto eAaoTikd. Ot 000 QVTES
EKQPPAGCELS Y10, OTPAOGCT GUUTIEGTOD EAAGTIKOD UTOPOVV VO, YPOPOVV TPOGEYYICTIKA oV

oV oyxéon (4-4) aviikatactadel o d0e0TEPOC OpOog e 6/(5K) ko 4/(3K) avtictorya.

Otav 10 €@&dpovo vmokerroar o€ KotakOpven OAiyn toéte AdY® NG TAELPIKNG
doykmong onupovpyeiton  daTunTiKy TOPALOpe®on mn  omolo mpootifetar oty
SlTuNTIKN  Tapapopemon Aoyw oplovtiag petokivnong. H  péyotn i g
STUNTIKNG TOPAUOPPOONS AOY®D KATOKOPLONG CUUTIESTG . EUPOVILETAL OTIC aKpaies
TOPELES TNG OTPADOCNG Kot OIVETAL Yol TNV TEPITTOON KUKAKNG GTPMONG Y10 ACVUTIEGTO

KOl GUUTEGTO EAACTIKO OVTIGTOLY O OO TIG TOPUKAT® GYECELS :

y. =68e, xou y, = ycw(l + E3 ] (4-5)

H nmpd oyéon elvar axping evad 1 de0tepN €ivol TPOGEYYIOTIKN.

Omov &, eivar n kataxdpLEN OMTTIKN TOPAROPE®ST AOY® TOL OATTIKOD KOTAKOPLOOL

@optiov. Av J gival n KATaKOPLEN HETATOTION TOV £QESPEVOV TOTE 1GYVEL

€. = (4-6)

4.4 ZTuptrepipopd o Kapyn

AV TO EAICTOUETOAMKO EPESPAVO OTTOTEAEITOL OO 71 GTPMOELS EAAGTIKOV ThYOVG ¢
Kot vroPaiAietal o€ kaBapn KAPYN TOTE N SLCKOUYIN GE KOAUTTIKY GTPOPT TOV AKPOV

dtveton Kat’ avoroyia pe v Bewpia S0KdV oG :
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El),. EI) .
Kb — ( )eff l — ( )eff (4_7)
! n t

”

onov (El)qr elvan m xapntiky dvokopyio tng pog otpmong ehoctikod. H kopmtkn
dvokapyio 6TPOCEMV EAACTIKOD Umopel vo VTOAOYIoTEL e Tapdpoln Bedpnon Onwe 1
2" Bedpnomn ywo ToV VITOAOYIGHO TOL PETPOL GLUTIEGTOTNTOC. XTOV 0KOAOLOO Tivako
Qaivovtal To amoteAéopaTa avtig TG Bedpnong v Ty Koprtikn dvokopyio (ED.;"

NG GTPAOONG EAACTIKOD LE TNV TAPOOOYY] AGVUTIEGTOV VAIKOV.

Hivexoeg 4-5 Kopntiki Avokapyio Xtpdong Acopniestov ELaotikod

Amepopnkng Ampida | Kukiiky  otpoon | Terpayovikny  otpdon
TAdTovg 2b dwpétpov @ TAELPAG o

N S

omov [ givon m pom adpdvelog g empavelog kdbe otpmdong o kdtoyr. H peiopévn
T TS KOUTTIKNG dvokapyiog og oxéon pe v T EI g Oeompiog dokmv opeiletal
6TO0 OTL 1 KATOVOUN TNG TEONS EYEL LOPPN KLPIKNG TapaOANG EVOVTL TNG YPOLLUIKNG

Katavoung katd tnv fewpio dokmv.

Opoilwg €bv AneBel vmdyn 1 cLUTIESTOHTNTO TOL EANCTIKOD TOTE TMPOKLATOLV
TOAOTAOKEC EKQPACELS Y10 TNV KOUTTIKY SuoKapyio vd Hopen GEPAS 1 VITO HOPPN
ocuvvaptinoewv Bessel. v ocvvéyela divovtal TpoceyYIoTIKEG EKPPACELS Ol OmOoleg
AmOTEAOVVTOL OO TOLG VO TPAOTOLG OPOLS TOV CVOTTOYUATOS TOV TOAVTAOK®V

EKPPACEDV Y10 KPOVG GUVTEAEGTES GYNLOTOC.

Mivaxag 4-6 Kapntuc) Avekopyio Xtpoong Zopmiestov Elactikod (Métpo Aoykmong K)

Amelpopnkng Ampida TAdtovg 2b Kvkiikn otpdon dwopétpov @

3.5K 2K

(E1),y = (E1 )eﬁ'w{l_ E ] (E1),, :(El)e/fw(l_E_fj
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omov K givar to PETPO O10YK®ONG TOV €haoTikoy pe tumikn Ty to 2000MPa. O

TPOTOG OPOG TOL AVATTHYHOTOS OVTIGTOLYEL TNV AVOT| Y10l ACLUTIEGTO ELAGTIKO.

4.5 AvdAuon Euotdafeiag EAaoTopeTaAAIKwV E@edpavwy

‘Eva. eA0OTOUETOAIKO €QEOPOVO TOALDY OTPMOCEMV givol mBave vo eupovicet
anOAEl TNG VoTAOELG TOV (AVYIoUOG) KOTd TNV omoio Kuplapyel 1 UIKPY SLOTUNTIKNY
dvokapyio Tov. H avéivon e andietog g evotdbelag Tov £pedpdvov Bewpavtog To
o¢ éva ovvBeTo cuveyég HEco, pmopel va yivel pe avdAoyo TPOTO HE TNV EANGTIKY
avéAvon g evotdbdelag Tov dok®mv (Avyiopdg Euler). Emmpocheta eéetdleton Ko 1
EMIOPOOT TOV SOTUNTIK®OV TOPALOPPAOCEDV e TNV Bedpnon OTL enimedes Kol KAOETEG
STOUES GTOV ATOPALOPO®TO SOUNKN GEOVA TOPAUEVOLV LETE TNV TOPALOPPMCT] TOV

eminedeg aALd Oyt KAt avaykn K4OeTeg o QLTOV.

4.5.1 EuotdBeia Egpedpdvou Xwpig EmiBeBAnpéveg MAgupikég
MeTakiviioeig (Auyiopdg otnv ATrapapop@wTn Oéon)

Av h glvar 10 cuVOAKO VYo Tov £pedPavoy (OAIKO TTAYOG GTPMCEMY £, EAAGTIKOV
OLV TO THYOG TOV UETAAMK®OV QUAA®V) TOTE TO €p&dpavo pmopel va Bewpnbel wg
VTOGTUA®MUN UNKOVG A HE EMPAVEID OOTOUNG TNV EMUPAVEIDL TOV GUYKOAANUEVOL
eraotikod 4 Onog swoviletar oto Zynuo 4-4. Ov cuvnbeig cuvOnkeg otpEng TV
EMACTOUETOAMK®OV EPEOPAVOV TEPIAAUPAVOVY OTTOYOPELGT TG GTPOPNG TV Ve Kot
Kbto empavelidv. To gpédpavo mapapével apetakivnto TAELPIKE PEXPL TO KPIGIHO

6T6A010 TOL AVYIGHOV OTTOV 1) AV® EMPAVELD. UTOPEL VO LETAKIVEITAL TAELPIKAL.
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' P ! ,
M0{\P H, P | M, Oy
_ | HO [ , /
[:IZZ T 1 .- : - ://///
¢ +
: i d ru(x) %/(X dx)
! ;\—1'— h X I ~ \ S de
) e —— . ~. VGO g s
| : X 0 \/\\ ______ -
H%\}H: P W H
o M 0
0 P ) P MO

Xyfqna 4-4 Avyiepiég E@edpdvov yopic Empepinpéveg Iigvpikéc Metakivijoelg

Oewpovpe TNV 160PPOTia VOGS OTELPOSTOD TUNUATOG KOS dX OTO KPIGIUO GTAS10
oV Avylopov. H kdtm mapetd Tov amelpostod TUHOTOC CTPEPETOL KATA Yovia 6 Aoywm
™G TOPAUOPPMOCNS TOL HUEPOLS TOV VITOGTLAMMATOS HEYPL TRV B€on x. H dvo mapeid
TOV OMEPOCTOV TUNUOTOS CTPEPETOL KOTA EMMAEOV Ywvio dO MOy TG KOUYNG TOv
TUROTOC. AKOUO TO TUNHO VTOPBAAAETOL GE SOTUNTIKY TOPAUOPP®ST y AGY® NG
tépvovcsog dvvaung V. Av u(x) elvar ol TAELPIKEG HETOKIVAGES KATO KOG

VTOGTLAMUATOG TOTE 1 KMo oty BEon x etvan :

du
o+ 4-8
I Y (4-8)

EmnAéov n doutuntikn mopapdpemon y GUVOEETOL PE TNV OVTIGTOLYN SLOTUNTIKN
Tdon T HEGM TOV HETPOL SLATUNONG TOV VAKOV G oG €E1G :
e

= (4-9)

-t
’=6T 4G

omov A, = A— elvou n evepyog daTunTiKn emPavelo 1 oroia ivar peyoahdTepn amd v
‘ t

emupaveto dtatopng 4 €161 dote va ANedet vTdym To YEYOVOG OTL O PETAAMKEG TAAKES
OEV TOPALOPPDOVOVTOL SOTUNTIKA. EvieAdc avaloyo mpocoviaveTotl Kot 1 KOUTTIKN

h
efft_'

r

duokapyia Tov epedpavov oe (EI )eff,s =(EI)
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H datunticny dbvapun ¥V oty mopeld Tov amelpocstov otoryeiov moapdyetal ond tnv

KaTaKOpLEN OOV P cOUP®VA LE TNV OYECT :
V = Psin6 = PO (4-10)

2opeova pe Tig oyéoelg (4-8), (4-9) ko (4-10) wyvet :

2
du gy L) 0 _du P (4-11)
dx AG dx dx AG

H xotactatikn oyéon potdv-KOUTUAOTHTOV TOV VITOCTUAMUNTOS UToPEl va ypapel

BewpdvTag TNV 160pPOTIN KATE TO KPIGIHLO GTASIO TOV AVYIGHOV MG €ENG

db M M,—Pu(x)-H(h—x)

—= = (4-12)
dx  (EI),, (EI),;,
Ewsdyovtag v oyéon (4-11) éxovpe :
d’u P P P
1 =\ 1+—|[M,-H, (h- 4-13
A’ +(E])eﬁf,s( + SGJM ( +ASGJ[ 0 0( x)] ( )

H mponyovuevn oyxéon oamoterel v odwpopiky| e&lowon 1coppomiog TOL
vroctvAdpatos. Katd to kpicipo o1dd0 Avyicpod 1o vrootOA®pe pmopel va
wooppornel ko oe mapapopeouévn Béon. H amaitmon avty odnysl omv mopokdtm

eElomon yla 10 KATaKOPVPO POPTio P :
P*+PP PP, =0 (4-14)

‘Etot to kpioo @optio Avyispov P mpokvmtel omd v emiAvon g mpog P g
TponyovpevNg e&lcmong.

p __PS+'\/R92+4PSPE (4-15)

crit B

omov Pr elvar 10 @optio ghaotikod Avyispov Euler yu to vrootdropo kot og P

opiletar n dwoTtpunTikn dvokopyio ova HoVAdo HNKOVG COLPMOVE, LLE TIG GYECELS

*(EI
&ZLLLKM%ZQS (4-16)

hZ
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H mponyoduevn oyxéon umopel va amiomombBel av vmotebel 011 Pp>>Ps dmwg

ovpPaivel cuvnOMC Yo TaL TVTTIKG EPESPAVOL.

P, =[PP, (4-17)

crit

TeAkd 10 eoptio AVYIGHOD EAACTOUETAAMKOD EPESPAVOL GTNV ATAPUUOPPOTN BEoM

dtvetal amd v oyéon :

*(EI),, 2(EI
pcm:\/GAtﬁ.”(h_z)efftﬁ:\/GAM (4-18)
; t

r r

O ovvtedeotg AoQOAEING EVOVTL EAAGTIKOD AVYIGHOD OTNV amapapopeotn 0€omn

dtvetal amd v oyéon :
s, = Lo (4-19)

Ikavomomtikdg cLVTEAEGTNG AGPaAEing EVOVTL AVYICUOD GTNV amapolOpeoTn B€om
(m.x. SFp>2.5) mpémer va eEacporiletal yio TIg pn oeloHKEG Qopticelg Omov To
ep&dpavo dev petatomileTon mAevpikd. o 1 ovVNOElg dGTACELS EQPEOPAVOV Kot TO
ocuvnOn KoTaKOPLEO POPTIO. O EAACTIKOG AVYIGHOS OTNV amapapdpemn 0éon dev

amotelel TPOPANUA Yiot TOV GYESACUO.

‘Eva anpocdoknto copmépacio eivar 1o 6Tt 0 AVYIGUOC TOV EPESIPAV®Y OmOTEAEL
TPOPANUO Y00 T GUOTHUOTO GEWGHIKNG UOVAOONG UE KPS CGLUVOMKO KOTOKOPLPO
@optio. To yeyovog avtd umopel va eEnynbel and T1g mTponyodueveS GYEGES LECH TNG
TapoKAT® amAomomtikng fedpnone. 'Eoto éva chomuo celoukng HoOvVoong 1o omoio
amoteleitar omd £va pOvVo KUKAMKO ELAGTOUETOAAIKO epEdpavo. H kapumtikn dvokapyio

TOV EPESGPAVOL OYVODVTOG TNV CLUTIEGTOTNTO TOV EAACTIKOD YPAPETOL OC EENG :

EI E nd* EAtA t A
e// = — = = KV
g 3 3 64 t. 12n 127

(Er) (4-20)
omov Ky=E.A/t, elvar mn Koatakopven OSvokapyio Tov geedpdvov. Emmiéov av
aviikotaotodel 1 opllovria dvokapyio tov gpedpdvov Kp=GA/t. toéte 10 Kpioyo

@optio Avyiopol oty arapapdpemtn Béon yiveron :

“Lyedopog Zewopikng Movoong Ktipiov kot 'epupdv” B. Kovpovong



KED®AAAIO 4: Kataxopoen Oriyn kot Kapyn Eractopetorlhikov Egedpdvov 67

*(e1 *(E1
:\/GA—“( by :\/KH—E( b _ [k, ™ (4-21)

Tote 0 ovviedeotc acpoieiog Evavtt Avyilopod oty amapapdpewt 0éon SF
YPAQETOL GUVOPTAGEL TG 0PLOVTING 1O10GVYVOTNTAG a)HZZgKH/P, ™G KATOKOPLONG

WBroouyvoTtag w*=gK,/P kat e Katokdpueng tieong p=P/4 og eEG :

SF;7 — f)crit :\/KHfVE: T 5 KHg KVgéPZSE) :wHwV i\/F (4_22)
P P> 12 \12¢* P P P g \12p

[Mopatpodpe 6tt yio dedopévn  oplloviia  W10oVXVOTNTA g, KOTOKOPLET
10106VYVOTNTO Wy KOl KOTOKOPLEY TEST] p, 0G0 UEIOVETAL TO KATOKOPLPO Poptio P
1060 PEUDVETAL KOl O GUVTEAESTNG acPlAelog évavtt Avyiopov SF. To mponyoduevo
coumépacpo Bo LTOPoVGE Vo YEVIKELDEL Y10l GUGTINUATO GEIGHIKNG LOVOONG UE UIKPO
GLUVOMKO KATOKOPLEO @opTio. O Avylopog meplopilel TV amOSOTIKOTNTO OVTMOV TOV
GLOTNUATOV aPOD M 1O10EPI000G TOV GLGTHHOTOG CEICUIKNG LOVMOTG TOV UTOPEL va
emtevyBel etvar oyetwd pikpn. To @owvdpevo avtd dev KPIoIHO KOTA TNV GEIGUIKN
pévoon  tov  ocuvifov  kmpiov. Avtibeto  KOVEL OTOYOPELTIK] TNV XPNOM
EMUCTOUETOAMK®V EPESPAVOV Y10l TNV GEIGKT UOVOONG EAAPPLDV OVTIKELUEVOV OTMG

ekBépata povoeimv.

4.5.2 EvotdaBeia E@edpdvou pe EmiBeBAnpéveg MAtupikég MeTakIviOEIg
(Avyiopog otnv Mapagopewpuévn Oéon)

H aAAnlenidpaon katakopveov goptiov P kot opiloviiag petatomong D pmopel va
o0MNYNoeEl Ge aoTAfEW OTNV TAPOUOPEOUEV BEom TOv €pedpdvov Yo HIKPOTEPO
Kpioo @optio Avyiopov oe oyxéon pe tov Avyloud oty amoapapdpeotn 0éon. H
aKpPNG EKTIUNGCT TNG GULUTEPIPOPES TOL EPEOPAVOL GE GLVOLOGHO KOUTAKOPLPOV
eoptiov P kot oplovrtiag petatomong D amortel TOAOTAOKN U YPOUUIKY OVOAVOT).
Avtifeto mo omAég MUI-EUmEPIKES  MPooeEYyicElg odnyoblv  GE  CLUVTNPNTIKA
amoTeEAéoUATO TO. Omolo OUmG etvor apketd oaxpPn kot emPefaidvovror Kot

TEPOLOTIKAL.
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Yrapyovv 600 amiéc vroBEéoelg Yo TNV aAANAERIdOpaoT Katakdpvuov poptiov P kot
oplovtiag petotémong D. H mpotm elvar 6Tt 1 aotdBeia gpoaviletar yoo optio
AMYIOUOV Peyi<Puyy €101 OGTE M KOATOKOPLOTN TIECT) GTNV OTOUEIWUEVT EMUPAVELD
Kbdtoyng A,q Vo €ivoar ion pe v avtiotoyn mieon Katd Tov Avyloud otnv
AmOPAUOPPOTN BEoM. Zuven®g Kot TV TPOTN VITOOECT TO KPIGUO POPTiO AVYIGHOV
TNV Topapopeouévn Béon divetar amd v oyéon :

P.' P, P, A,

crit rit — crit
Ared A A

(4-23)
crit

H debtepn vndbeon Oewpel 6011 M actdbeia epeaviletor Yoo @OpPTio AVYIGHOV
P i’ <P.iy 10 0OMOI0 TPOKVATEL OO TNV EKEPOCT TOL QOPTIOL AVYICHOD OTNV
anopopdpen 0éon av avikatactadel N emedveln SToung 4 e TNV OTOUEIOUEVT

EMPAVELD KATOYNG 4. ETo1 KOTA TNV d€0TEPT VITOOEGT 10YvEL

A

n*(EI), !
f)cr,'t': \/ Gv Ared ( . )Eﬂ — Ared . Pcr,'t = ])crzt — Ared (4_2 4)
tr f)crit A

Xyqpo 4-5 Aropswopévn Emoavero Katoyng A4,.,
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[Tapamnpodpue 06Tt ko ywu TG 000 VIOBEGES TO KPpiowo @optio Avyiopold otV
opopopeouévn 0éon P’ undevieton otav undeviletor 1 ATOUEIUEV] ETPAVELN
Kétoyng A,eq ONAGON O0TOV M oplovTia petatodmon D yivel ion pe v dloTOGT TOL

EPESPAVOV.

H amopeiopévn emedvela A,.q Tpokdmtel cuvaptioet g opilovtiag petotdoniong D
vy Ka0e Kdtoym epedpdvov. I'ia opBoywvikd epédpavo a x b pe oprlovtia petatdmion

D mopdAAnin oy mAevpd o 1oyvEL :

4,,=bla-D)= At D (4-25)
A a
Mo g@édpavo KukAMKNG Satopng SopETpov @ 0 TPOGIOPIGHOG TNG ATOUELOUEVNS

EMPAVELOG Aeq EIVOL TTLO FVGKOAOG KO TEAMKE dTVETOL OO TNV GYEOT

A,, 0-sinf

omov 0 =2cos” (QJ (0 o¢ rad) (4-26)
A T D

O IMivakag 4-7 kot To Zynpo 4-6 Tapovstdalovy v HETOPOA] TOL KPIGIHLOL POPTioL

AVYIGHOU oV Tapapopeouévn 0éon P’ KUKMKOL €pedpavov olapétpov D

cuvaptnoel TG opilovtiag petaxivnong D yia tig 600 mapandve vrobicelc.

Hivaoxoeg 4-7 Anmopsropévn Emeavera Katoyng 4,4 Kvkiikot E@edpdvov (Adwastatomonpévn)

D/® 000 010 020 030 040 050 060 070 080 085 090 095 1.00

Aq/A | 1.000 0.873 0.747 0.624 0.505 0.391 0.285 0.188 0.1041 0.0681 0.0374 0.0133 0.0000
VA /A | 1.000 0.934 0.864 0.790 0.710 0.625 0.534 0.434 0.323 0.261 0.193 0.115 0.000

Mo oepd amd melpapatikd dedopévo e PIKpd eEAacTOUETOAMKA eQEdpava 5150V
OtL M devTEPN VOBeo eivor M Mo KATAAANAN. H mpdn vmodbeon Ntav vrepfolikd
ocuvinpnTikn. Avtifeta 1 dgvtepn vdOeo, av Kol €Xiong GLVTNPNTIKY], NTAV APKETA

aKpPnG Yo To €DPOG POPTIMV KO LETATOTICEMV TOV EPovilovTor oty TPaen.
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Pcrit'/ Pcrit
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Yympa 4-6 Kpiowo ®optio Avyiopod Kokhkod E@edpdavov oty lapapopoopévy Oéon P.,;’

Yuvaptiost g Oplovrioc Metatoémong D

4.6 Emidpaon Karaképupou DopTiou 0TNV ZUNTTEPIPOPA TWV

EAacTopeTaAAIKWV E@edpdvwv

H enidpaon tov Katakdpueov a&ovikoh (opTiov 6To EAUCTOUETOAAIKA E£QESPAVOL

€xel T akOA0LOEG cLVETELEG

- Meiwon ¢ op1lovTiag axopyiog

- Katakdpoen Pudiom katd v opldvtia petatdmion

- Avénon tov Babpov andcPeong

To amAd pHovtéAo Tov TaPOLGLALETOL TOPAKAT® TEPLYPAPEL TO, HVO TPADTH PALVOLEVOL

pe wavomomtikn oakpifewa. To poviédo omoteleiton amd éva GKOUTTO VTOGTOAMUO

Oyouvg h 10 omoio ompiletor omv Pdon tov péc® OpPOVTION UETOTOMIGLOKOD

ghatmpiov akapyiog K, kot otpogikoy ghatnpiov otabepds K; (Zynuo 4-7). To

VTOGTUA®UA VTOBAALETOL GE KATOKOPLPO a&ovikd poptio P ko optlovtia dvvoun Fp.
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Yyqpo 4-7 AmhomomTikdé Movtého v v Ileprypaen t™g Emidpaocng 1ov Kataxképvgov

®Dopriov

Ot axopyieg Tov 000 ehatnpiov EMAELYOVTOL £TGL MGTE VO OVTIGTOLYOVV GE PUOTKES
1010TNTEG TOL EANCTOUETOAMKOV £pedpdvov. 'Etol 1 otpopikn axapyio K; emdéyeton
€161 MOTE TO OmMAOTKO pHovtédo va eivar actafés yo katakdpveo @optio P ico pe 1o
@optio AvywopoV Euler tov gpedpdvov Pp. Aniaon K;=Pgh. Emumiéov n opildvtia
axopyio K> emiéyeton iom pe v opldvtio aKopyio Tov ELAGTOUETAAAIKOD EPESPEVOD

Ky Anhaon K,=GA/t,.

O e€ilomoels 1ooppomiag Tov HOVIEAOL GTNV TapapopPouévn Béon odnyovv otnv

akOAOVON peEtpEVT opriovTio. axapyio Ky AdYm TG EMIBPOoTC TOV GEOVIKOD GOPTIOov.

, pY
K, K{I[EJ } (4-27)

v mpdén 10 KatakdpLPo opTio P givol apKeTd LIKPOTEPO Amd TO KPioHo PpopTio
AYIoHoy oty amapapdpeot 0éon P €161 dote M amopeimon g opllovi
axopyiog vo unv etvon onuovtikn. o mopdodstypo av 10 Katakopveo eoptio P glvar
pikpotepo and 0.32 @opég 10 Py 1OTE M omopeimon g oplovtiag axapyiog givol

pikpotepn and 10%.

H xoatakdépoen Podion dy xoatd v opiloviio petatdmon D tov amAomoTikoy

povtéAov divetal amd tnv oyeon :
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P,+P D’
5, = —
P, h

(4-28)

omov Pp elvar 10 @optio glaotikov Avyiopod Euler yio 1o vmootdolopo kot Py m
dwTunTikn dvokopyio avd povéda puMKovs cOpeva pe TS oxéoelg (4-29). Avt 1
BoOon emarAnAiletanr oty PHOoN Ady® ™G 0EOVIKNG GLUTIEGNS TOV EPESPAVOL T
t0 Qoptio P. IIpokaAeitat amd TNV TEPIGTPOPT] TOV UETOAAKADV TAAKOV EVIGYLONG GTO
KEVIPO TOV EAOGTOUETOAAIKOD £pedpAvov otnyv petatomcpévn Béon. H mepiotpoon
LT ToPdyEL STUNTIKEG TACELS OO TNV GLVIGTAOGCH TOV KATAKOPLEOL (optiov P 1
omoilar givol TOPAAANAN OTIG UETOAMKEG TAGKES KOU GUVETOYOUEVES OLOTUNTIKES

TOPOUOPPAOCELG TTOL 0OTYOVV GTNV KATaKOpLET Bubion Jy.

H xotaxopoen POOion katd v opilovtia petatodmon Bo mpémel vo AauPdveron
VIOYT OTIG TEPMTMOGELS OOV YIVETOL TAPAAANAN YPT|ON EAACTOUETOAMKADV £QESPEVAOV
CEICIIKNG UOVOOTNG KOl HOVOTHPp®V OAicOnong. Av ot 600 mpomyovpevol THmoL
GEICUIKOV LOVOTNPOV YPNCUYLOTOOVVTOL GE WKPY| omOoToo HETAED TOLG Kol KOTM
and GKOUTTO OtV  KOTAKOpLETN OlevBvvon doukd otoyyeion TOTE M TAOM Yo
SPOPETIKN KaTOKOpLEN PUOoN Katd TV opllovTia peTatdMIon UTOPEL Vo 0dNyNoEeL

G€ OMNUAVTIKESG OVOKATOAVOUES TOV KATOAKOPLO®OV GOPTIMV.
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